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Polar'iza-l'ion

£y s holomorphic and admits the power series
CXPaHGiOH y(w) = &+ Grw+ Gw? +---, then the horm ||y(w)]|?
is a function of w and w. 1 has the form

o

Y (&, Gwia®, &, G, € .

5, k=0
Polarizing ||y(w)[|?>, we obtain a hew Function
Wz,w) := (¥(2), Y(w))-
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a secret

Kc‘(:ininﬂ the computation that established the Posi-HvH-y
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of #, we obtain a stronger inequdlity. Set

o(w) :=K(,w)@IK(,w)-dK(,w)® K(,w).
Note that o(w) € 77, weD.
Moreover, a 9+raigh+£orward comPquaJrion using the
reproducing property of K shows that

(9(2),9(w)) = A w2 7(w) 2| e w), (a)

4
| =

82
= llo(w)|* 525 1og [ p(w)

= 754](’2 (’U.)),

where y(w) = K(-,w), as before and ¥, . is the Gaussian
curvature of the metric K (w,w) 2.

Thus the Goaussian curvature 9 > is a hon-hegative
deFinite kernel.




the Final act - curvature
inequality For contractions



iHCquaIH'y For the Goussion curvature

Proposition

Let T e Bi(D) be a contraction. Assume that T' is unitarily
equivalent to the operator M* oh (7, K) For some
non-negative definite kernel K on the unit disc. Then the
Following inequality holds:

K2(z,w) < Sp2(z,w) k1 (2, w),

that is, the matrix

((SbQ(wi,wj)%K 1 (wi7wj)7K2(wi7wj)))i,j:1

is non-negative definite For every subset {wy,...,w,} ofFp
and n e N.
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For the Bergmoan space A2(D™), of the Polycliec D™, the
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cxamplc

For the Bergmoan space A2(D™), of the Polycliec D™, the
orthonormal basis is { /17, (ix + 1)z7 : T = (i1,....im)}.
Clearly, we have

o m
Bpm(z,w) =Y, ([]Gr+1) ol =

[I|=0 k=1 2

(1—2;) 2

—

Il
—

Simi\arl\/ For the Bcraman space of the ball A2(B™), the

orthonormal basis is {\/( ;") (1)1 : 1= (ir,....im)}.  Again,
it Follows that
BBM(Z7w): i (777171)( Z (‘H)ZIU_}I) :(17<Z’w>)7m71.
J4 =t I

|I|=0




quasi—invariancc of B

An\/ bi- -holomorphic map ¢: 7 — 7 7 induces a unn’rar‘\/

operator U, : A%(%) — A%(2) dekined by the Formula
Upf)(2) = J(9,2) (Fo9)(2), f €AX (D), z€ 2.

This is an immediate consequence of the chanac of

variable Formula For the volume measure on C” :

/@fdv = /%(foq’) |Jco|?dV .



quasi—invariancc of B

An\/ bi- -holomorphic map ¢: 7 — 7 7 induces a unn’rar‘\/

operator U, : A%(%) — A%(2) dekined by the Formula
Upf)(2) = J(9,2) (fo9)(2), f €A*(2D), z€ .

This is an immediate consequence of the chanac ofF

variable Formula For the volume measure on C” :

/@fdv = /%(foq’) |Jco|?dV .

Consequently, it {&,}n>0 is any orthonormal basis For
A2(2), then {e,}n>0., Where é, = J(¢,)(E,o0) is an
orthonormal basis for the Bergmoan space A*(2).



transformation rule For the
kernel




quasi—invariancc of B

Expressing the Bcrﬂmah kernel B, of the domains 2
as the infinite sum £_ e, (2)en(w) using the orthonormal
basis in A%(7), we see that the Bergman Kernel B is
quasi-invariant, that is, Fo.2-59 is holomorphic then
we have the transformation rule
J(9,2)B5(9(2), 9(w))J (@, w) = By (z,w),
where J(p,w) is the Jacobian determinant of the map ¢
at w.




quasi—invariancc of B

Expressing the Bcrﬂmah kernel B, of the domains 2
as the infinite sum £_ e, (2)en(w) using the orthonormal
basis in A%(7), we see that the Bergman Kernel B is
quasi-invariant, that is, Fo.2-59 is holomorphic then
we have the transformation rule
J(9,2)B5(9(2), 9(w))J (@, w) = By (z,w),
where J(p,w) is the Jacobian determinant of the map ¢
at w.

I 2 admits a transitive group of bi—holomorphic

automorphisms, then this transformation rule 3ivc9 an

efFective way of computing the Bergman kernel Thus
Bg(z,2) = |J(¢2,2)|>B5(0,0), z € 2,

where ¢. is the automorphism of 7 with the property..

¢z(2) =0.



the invariant

The quasiinvariance of the Bergman kernel By (zw) dso

leads to a bi-holomorphic invariant Lor the domain 2.
Sc-H"lng

HB,(2) = (#;zjl()gB@)(z)

to be the curvature of the metric B, (z,2), the Function

_ det B, (2)

Ig(z) := Bo(z.2) ,2€D

is a bi-holomorphic invariont for the domain 2.



the mul+iPIicr'

Consider the special case, where ¢: 7 — 7 is an
au+omorphi9m Clcarly, in this case,

Uy 1 £)(2) :=J(9,2)(fo9)(2) s unitary on A%(2) For all
¢ € Aut(2).
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the mul+iPIicr'

Consider the special case, where ¢: 7 — 7 is an
au+omorphi9m Clcarly, in this case,

Uy 1 £)(2) :=J(9,2)(fo9)(2) s unitary on A%(2) For all
0 € Aut(2).
The map J:Aut(2)x 2 — C satisfies the cocycle
Propcr+y, namcly

J(v,2) =J(0,¥(2))J(¥,2), 0,y € Aut(2), z € F.
This makes the map ¢ — U, a homomorphism

Thus we have a unitary representation of the Lie
group Aut(2) oh A*(2).



the Pr'ooF that 1, is an invariant

Let¢:2— 2 be a bi-holomorphic map. Applying the
change of variable Formula twice to the Function
log B (9(2),p(w)), we have

2
((m log B (9(2), @(w))));; =

o0 A 99y
((Tzf))“ (((m log By)(z,w) ))(k ((sz))kj

Hence we conclude that 3, is quasiinvariont under a
bi-holomorphic map o, hamely,
To(w)! 5 (p(w), 9(w)) T9(w) = Hp(w,w), w € Z.
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the Pr‘oo@ that 15 is an invariant

Let¢:2— 2 be a bi-holomorphic map. Applying the
change of variable Formula twice to the Function
log B (9(2),p(w)), we have

2
((m log B (9(2), @(w))));; =

29, 92 _ Frs
G2y 0w B ) (G2

Hence we conclude that 3, is quasiinvariont under a
bi-holomorphic map o, hamely,

To(w) .25 (p(w), p(w)) To(w) = Hg(w,w), w € P.
Also, the Bcrgman kernel B, transforms accor‘clinﬁ to
the rule

detJ@(w)Bg (@ (w), p(w))detJo(w) = By (w,w).

Combining these we obtain we obtain a biholomorphic G

invariont for the domain 2.



the Proo@ cntd.

Takina determinants on both sidesof the
transformation rule for the curvature, we get
det Hg (w,w) = |T(2)|? det H5 (¢ (w), p(w)).
Thus we 6c+ the invariance of 1, :
det Ay (w,w) _ |J@(2)]* det 5 (p(w), p(w))
Bg(w,w) Bg(w,w)
_ [Jo(2)2det A (o(
~ |[Jo(w)?Bg(e(w
_ det 25 (9(w), p(w)
B (o(w), o(w))

w), p(w))
), ¢(w))
)




the Pr'oo‘(: cntd.

Takin@ determinants on both sidesof the
transformation rule For the curvature, we get

det H (w,w) = |J9(2)| det 5 (9(w), p(w)).

Thus we 5C+ the invariance of 1, :

det Hy (w,w) _ |J@(2)| det 25 (@(w), o(w))
Bg(w,w) Bg(w,w)
_ [J0(2)]? det A5 (@(w), @(w))
|[J@(w)[? By (@(w), ¢(w)

)
_ det #5(p(w), p(w)
B3 (p(w), p(w))

Theorem

For any homogeneous domain 2 in C", the Function 1,(z)
is constant. B



the euclidean ball and the
Polydisc are not biholomorphic




ProoP of the theorem

Since 7 CC" is homogeneous, it Follows that there
exists a bi-holomorphic map ¢, of 2 For eachucz
such that ¢,(0) = u. Applying the transformation rule
For 1, we have

7 - det .#%(0,0)
0 ="5 0,0
_ det 5 (9u(0), 9u(0))
Bg(9.(0),9.(0))
_ detXp(u,u) _ Iy(u), ue P

By (u,u)




ProoP of the theorem

Since 7 CC" is homogeneous, it Follows that there
exists a bi-holomorphic map ¢, of 2 For eachucz
such that ¢,(0) = u. Applying the transformation rule
For 1, we have
15(0) = S5 5D
_ det A5 (¢u(0), 9u(0))
B (¢u(0), ¢u(0)
_ det #5(u,u) —1,
Bg(u,u)
It is easy to compute 1,(0) when 7 is the bidisc and the

Euclidean ball in C2. For these two domains, it has the
value 4 and 9 respectively. We conclude that these

)
g(u), ue P

domains therefore cant be bi—holomorphically

equivalent!



hew quasi-invariant kernels
From old ones




new kernels?

Let K be a complex valued positive definite kernel on 2.
Forw ih 2, andp in the set {1,....d}, lete,:Q— 7 be
the an+iho|omorphic Function:

d d

ep(w) =Ky()® Ky ()

aﬂ)p *T%Kw(')@)[(w(')'

56‘H‘iha G(z,w)p,q = (ep(w),eq(2)), wWe have
2

%G(z,w)p,qIj = K(z,w)ai

d d
azqawp K(ZJU)*K(ZJU))

E 024
The curvature K of the metric K is given by the (1,1) -

K(z,w)-

formy % log K (w,w)dwq Adwy.  Set
g0 Wp

2
JK/K(Z,’UJ) = ((m IOgK(va)))qp'

We note that K(z,w)?# (z,w) = 1G(z,w)". Hence
K(z,w)2% (z,w) defines a positive definite kernel on 7
+aking values in Hom(V,V).




rewrite the transformation rule

Or equivalently,
H(9(2),0(w)) = Do(2)* ' H (2,0)Do(z) '
= Do(2) A (z,w) (Dop(w)' )
=mo(,2) X (z,w)mo(@,w)",
where mo(,z) = Do(2)! ' and multiplying both sides Iay K2,
we have
K(0(2),0(w))* A (9(2), 9(w)) = ma(9,2) K (2,w)*H (2,w)ma(¢,w)",

where my(9,2) = (detc qu(w)QD(p(z):)’1 is a multiplier. of
course, we how have that
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=mo(,2) X (z,w)mo(@,w)",
where mo(,z) = Do(2)! ' and multiplying both sides Iay K2,
we have
K(0(2),0(w))* A (9(2), 9(w)) = ma(9,2) K (2,w)*H (2,w)ma(¢,w)",
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() K2 (z,w)# (2,w), A >0, is a positive definite kernel and




rewrite the transformation rule

Or Cquivalcnﬂy,
H(9(2),9(w)) = Do(2)} ' A (2,w)De(z) '
= qu(z)ﬁill/(z,w) (D(p(w)ﬁil)*
= mo(9, 2).# (2,w)mo (@, w)",
where mo(,2) = Do) ' and mul+ip|ying both sides Iay K2,
we have
K((p(z),(p(w))gjif((p(z),qo(w)) = ’ITLQ((p,Z)K(Z,M)QX(Z,M)TTLQ(([),U})*,
where my(9,2) = (detc qu(w)QD(p(z):)’1 is a multiplier. of
course, we how have that
() K2 (z,w)# (2,w), A >0, is a positive definite kernel and
(i) it transforms with the co-cycle
my (@,2) = (detc D(2)?t* Do(2)") "in Placc of ma(9,2).




Thank. Youl
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